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Abstract Emissivity measurements are of great interest for both theoretical stud-
ies and technological applications. Emissivity is a property that specifies how much
radiation a real body emits as compared to a blackbody. The emissivity determina-
tion of a sample should be an easy task: a simple comparison between the sample
and blackbody radiation at the same temperature. Unfortunately, when measuring the
emissivity, some practical problems arise due to the differences between the true emit-
ted radiation and the detected quantity. To clarify this point, an analysis of different
direct methods for emissivity measurement is presented. Furthermore, a method that
includes multiple reflections is developed. The systematic errors associated with each
method are computed theoretically as a function of wavelength, sample temperature,
and emissivity, and the surrounding enclosure temperature and emissivity. In general,
the error is very high for small sample enclosures, but it strongly decreases when the
enclosure area increases. Although at short wavelengths all the analyzed methods pro-
duce similar errors, noticeable differences appear under other conditions, and methods
considering more radiation terms do not always produce lower errors.
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1 Introduction

Emissivity is a property that determines the magnitude of radiation emitted by a real
body. This physical magnitude can be measured by direct or indirect methods. The
indirect ones are based on measurements of other quantities related to the emissivity,
and they can be calorimetric or radiometric. With the direct methods, which are the
subject of this article, the emissivity is obtained by comparing the radiation emitted by
the sample (Ss) to the radiation emitted by a blackbody (Spp) at the same temperature,
under similar geometrical and spectral conditions [1]. Thus, the sample emissivity (¢)
can be expressed as

S,
e = —> (1
Sbb

From an experimental point of view, the application of this equation can be a compli-
cated task. This is because S5 and Spp depend on the response function of the exper-
imental equipment, and also include the background radiation coming from inside
the radiometer. Furthermore, the sample signal (Ss) does not only include the radi-
ation emitted by the sample, but it also takes into account the radiation reflected at
the sample surface, which will also depend on the sample emissivity. All these facts
make Eq. 1 experimentally useless. To find the appropriate equation for the emissivity
determination, Sy, and Sg have to be expressed by using all the radiation terms. Thus,
the blackbody signal can be written as

Svb (A, Tob) = R(A)L(A, Top) Avb Fob—d + So(2), (2)

where the dependence of the radiation on the wavelength and the temperature is explic-
itly indicated. R(}) is the response function of the radiometer, and So () includes all
the background radiation that reaches the detector directly, its main component being
the radiation coming from the inner parts of the radiometer. App is the blackbody
area, and Fyp_g is the configuration factor [1] between the blackbody and the detector,
which gives the fraction of the radiation emitted by the blackbody reaching the detec-
tor. We will assume that the temperature of the radiometer remains constant during
the experiment, so R(X) and Sy(X) are considered to be temperature independent. It is
interesting to remark that most authors [2—6] multiply the So(A) term by the response
function. Finally, L(A, T) in Eq. 2 represents the radiation emitted by the blackbody,
as given by Planck’s equation,

2c

LO-T) = 5 =T

) 3

where ¢ = he? and ¢» = hc/k, h is Planck’s constant, ¢ is the velocity of light in
vacuum, and k is Boltzmann’s constant.
In a similar way, the sample signal can be written as

Ss(, T) = RAL{ (A, T)AsFs—a + So(M), “
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where L} (A, T) is the radiation leaving the sample, which depends on the sample
emissivity (¢). Ag is the sample area, and Fs_q is the configuration factor between the
sample and detector.

On the other hand, L} (A, T) is determined by the radiometer calibration, which
basically involves calculating R(A) and So(A) [2-6]. The usual way to perform the
calibration is to measure the blackbody signal (Spp) at two different temperatures, 77
and 7>,

Sbb1 (A, T1) = R(AML(A, T1) Avb Fob—d + So(4) (52)
and

Svb2 (A, T2) = R(A)L (A, T2) Avp Fob—d + So(2). (5b)
So, the response function R(A) and the background radiation So(A) are given by

Sob2 (A, T2) — Spp1(A, T1) 1
L\, 1) — LA, T1)  AppFob—d’

R() = (6)

and
So = Svb2 — R(A)L(A, T2) Apb Fob—d = Sbb1 — R LA, T1) App Fob—a.  (7)

The preference to consecutively measure the Spp1 and Sppp signals must be mentioned,
because if the thermal and mechanical stability of the radiometer are not sufficiently
good, both R(A) and Sp(A) can vary with time. To avoid errors due to drift of the
radiometer properties, each emissivity measurement should include a calibration, that
is, R(X) and Sp(A) should be obtained for each emissivity measurement.

This article deals with direct radiometric emissivity measurements of opaque sam-
ples. The sample is assumed to be surrounded by an enclosure, for example, a sample
chamber. All surfaces are considered to be isothermal, and to emit and reflect diffusely.
In Sect. 2, several emissivity measurement methods are analyzed, where different
approximations are assumed. In Sect. 3, the systematic errors of the studied methods
are compared.

2 Direct Emissivity Measurement Methods
If we take into account that the optical path for the sample and the blackbody is
the same, then Ay, Frb—a = AsFs—q. With this assumption, we obtain the following

expression for L¥ (A, T) by using Egs. 4, 6, and 7:

Sg — S Sg — S
Li= 22 L+ L= 222 (L~ L)+ Ly, 8)
Spb2 — Sbbl Spb2 — Sbbi

@ Springer



1144 Int J Thermophys (2008) 29:1141-1155

where the dependence on 7 and A is not explicitly shown:L} = L¥(A,T), L1 =
LA, Tob1), Lo = LA, Top2), Ss = Ss(X, T), Sobt = Stb1 (A, Thb1), Sbb2 = Svb2
(A, Top2).

Equation 8 permits L} to be obtained from the measured signals S, Spb1, and Spp2,
but if the final aim is to determine the emissivity, we need a functional relation between
L¥ and e. Among the methods or models that lead to the equation L} = L¥(¢), we
have analyzed five, which differ in the way the radiation from the surroundings is
taken into account.

2.1 Multiple Reflection Method (multi)

With this method (the most complete approach), L includes the sample self-emitted
radiation, the sample radiation reflected by its surroundings, and the radiation of the
surroundings reflected from the sample surface.

(a) Sample self emission

The radiation emitted by the sample that reaches the detector can be written as

eLg Ag Fo_g, 9

where the dependence on A and 7' has not been explicitly indicated to simplify the
notation.
(b) Sample emission reflected by the surroundings and reflected back by the sample
Additionally, part of the radiation emitted by the sample, after being reflected by
the surroundings and again by the sample, can arrive at the detector. This radiation
can be written as

eLs A Fo_surrsur Fsur—st Fs—q = e Ls A Fs_gs (10)

where s = Fy_gurrsur Fsur—st represents the fraction of the radiation emitted by the
sample that has been reflected by the surroundings and reflected back by the sample,
rsar = 1 — &gy 18 the reflectivity of the surroundings, and » = 1 — ¢ is the sample
reflectivity. Furthermore, if multiple reflections occur, not only between the
sample and the surroundings, but also between the surroundings with themselves,
we will also have to take into account the following terms:

& L As (Fs—sursur Fsur—s r)i (Fsurfsurrsur)stfd =¢eLAsFs 4 Sitja (11)

wherei and j areintegers (i > 1, j > 0),and ¢ = Fgyr—gurtsur represents the fraction of
the radiation coming from the surroundings that is reflected by the surroundings. This
t factor appears because part of the sample surroundings can receive radiation directly
from other parts of the surroundings. Fyy;—gyr i the configuration factor between the
surroundings and themselves. The radiation contribution of this section is given by
summing all the terms in Eq. 11:
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o0

o0
. 1
eLsAFoa | D > st/ =£LSASFs_d[ a ] (12)

1—5s1—1¢

i=1 j=0

(c) Surroundings emission reflected at the sample

Finally, L} also includes radiation emitted by the sample surroundings that is
reflected by the sample. Thus, the fraction of this radiation that reflects once from
the sample and reaches the detector is given by

Esur Lsur Asur Fsur—sr Fs—q = &sur Lsur As Fs—sur 7 Fs—d, (13)
where we have used the configuration factor reciprocity relation, Agy Four—s = As

Fy_gur. Furthermore, taking into account that multiple reflections can occur, new terms
appear:

Esur Lsur As Fs—sur 7 Fs—dsi tj» (14)

where i and j are integers and i, j > 0. Summing all these terms,

00 00
Esur Lsur As Fs—sur? Fs—d Zsl th =¢&sur Lsur As Fs—sur? Fs—d
i—0  j=0

! (15)
l—s1—1¢

Summing Eqgs. 9, 12, and 15, the radiation leaving the sample surface that reaches
the detector is Ag Fs_q L}, where

- s o
Ls =¢eLs (1 + m) + &sur Lsur Fs—sur(1 — &) ((1 “o(d— t)),

(16)
and
As 5
s = (1 —esur)(1 — S)A_stsur’ (17a)
sur
Ay
t=—-eu)|1l— A Fs—sur ) (17b)
sur

where the configuration factor reciprocity has been used. If A; < Agyr, SOme approx-
imations can be made to s and ¢:

1
——~1l+s, (K1), (18a)
N

(18b)
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Assuming this, Eq. 16 can be written as follows:

eLs + Loy (Fs—sur(1 — &)&sur — 1)

Esur

L: =¢eLs+ Fs—surLsur(1 — &) +5 [ i| (19)

Additionally, we can consider that most of the radiation emitted by the sample is
incident on its surroundings, and only a relatively small fraction reaches the detector.
Then, Fs_g,r can be taken as approximately equal to one. Thus,

(20)

eLs+ L 1—8)egyr — 1
L:‘=eLs+Lsur(1—s)+s[s sur (1= ) )]

Esur

To evaluate the emissivity, our first task is to obtain L} by using Eq. 8 and then, by
using Eq. 16, ¢ is calculated.

2.2 Single Reflection Method (single)

In the single reflection method [7], the multiple reflections between the sample and
the surroundings are neglected, and only a single reflection of the emission from the
surroundings at the sample surface is taken into account. Thus, L} has two terms,
namely, the direct sample emission and the surroundings emission reflected by the
sample:

L: =¢eLs+ (1 — &)egur Lsur Fs—sur, (21)

where the configuration factor reciprocity relation Agyr Four—s = AgFs—sur has been
used. Then, using Eq. 21, the emissivity is given by

L* — Ly Fs—
o= s Esur Lisur I's sur (22)
Ls — esur Lour Fs—sur

Replacing L} by its value (Eq. 8), the emissivity is equal to

Ss — Sbb1 L, — Ly Ly — ésur Lsur Fs—sur

& = .
Sob2 — Sbbt Ls — €sur Lsur Fs—sur Lg — &gur Lyur Fs—sur

(23)

In Egs. 22 and 23, F;_g,r can be taken as equal to one when most of the radiation
leaving the sample is incident on the surroundings.

2.3 Black Surrounding Method (blacksur)
In this measurement method, the sample surroundings are considered to be a black

enclosure whose emissivity is one; that is, the surroundings are assumed to emit black-
body radiation [2,8,9]. In this situation, &5, = 1 and Eqgs. 22 and 23 can be written as
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LY — Loy Fs—
e = N surt's sur, (24)
LS - LSUI‘FS*SUT

and

Ss — Svb1 L, — L Ly — Ly Fs_sur

— + . (25)
Sbb2 - Sbbl Ls — Lsur Fs—sur Lg — Lgur Fs—sur

&

As previously stated, F;_g,r can be taken as equal to one.

2.4 No Surroundings Method (nosur)

In this method, the radiation from the surroundings is not taken into account (L, = 0),
so LY only includes the term related to the sample emission [10], and

L*
&= —, (26)
Ly
Using Egq. 8,
Sg — 5 L, —L L
o s = Sob1 Lo L Le 27
Spb2 — Svbt L Ly

2.5 Simple Method (simple)

In this approximation, neither the radiation from the surroundings nor the background
radiation Sp(X) is taken into account [11-13], so Egs. 2 and 4 can be simplified:

Sob (A, Top) = R(A)L(A, Top) Avb Fob—d, (28a)
Ss(h, Tg) = R(MLE (A, T)AsFs—q. (28b)

Thus, Eq. 8 becomes useless, but using Eq. 28, we obtain

L: = — Lpp, 29)
Sbb

where, again, App Fppb—q = AgFs—q has been assumed. Furthermore, we use Eq. 26,
which is valid for this method, and the emissivity can be obtained as

_ S5 Lw

e = . (30)
N
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3 Systematic Error Analysis

In this section, the different methods reviewed in the previous section are analyzed.
The emissivity obtained by using each method (Eqs. 22, 24, 26, and 30), which will
be referred to as the approximate emissivity (gapp), is compared to the emissivity
obtained by the most complete method, the multiple reflection method. Thus, the
multiple reflection method will be used as the reference in determining the systematic
error in the emissivity when using the other methods.

To obtain the approximate emissivity, a theoretical gray emissivity (&) is assumed
for the sample. Using the multiple reflection method (Eq. 16), a theoretical L is calcu-
lated, which is assumed to represent exactly the radiation leaving the sample surface.
A sample temperature (7), a temperature and a gray emissivity for the surroundings
(Tsur» &sur), and a relative area relation for the sample and surroundings enclosure are
specified. Once LY is determined, the approximate emissivity is obtained for each
method by applying the corresponding equation: Eq. 22 for the single method, Eq. 24
for the blacksur method, Eq. 26 for the nosur method, and Eq. 30 for the simple
method. To calculate the approximate emissivity in Eq. 30, Ss and Sy, are needed,
or experimentally measured R(A) and Sp(A) values can alternatively be used. To use
reasonable values, we measured R()) and So (1) for the emissivity measurement setup
described in [7]. Blackbody signals at two temperatures were acquired and, apply-
ing Eqgs. 6 and 7, the response function (R(A)) and the background radiation (Sp(4))
were calculated. Thus, we have found that the background radiation can be reasonably
described as

So(A) ~ —R(A)L31s. 3D

It seems that the background radiation is blackbody radiation at T =315 K multiplied
by the response function of the radiometer. The minus sign means that the background
radiation is an outgoing beam coming from the inner parts of the radiometer and,
mainly, from the detector [14]. Thus, this term is not due to incoming radiation that
reaches the detector, but to outgoing radiation emitted by the detector itself. According
to Eq. 31, this background radiation is approximately equivalent to blackbody radia-
tion at a particular temperature. This can be generalized to any radiometer by denoting
this background blackbody temperature as an equivalent temperature (Tequi). Taking
these assumptions into account, the approximate emissivity calculated by the simple
method can be written as follows:

Ly (L;k - Lequi)

fapp = — s T equ) (32)
P Ls(Lpb — Lequi)

To analyze the emissivity errors, we have to take into account that the relative differ-
ence (error%) between the real emissivity (the one obtained by the multiple reflection
method) and the approximate one, which is given by

e—¢
error% = ﬂ x 100, (33)
e
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is strongly dependent on the measurement conditions: wavelength (1), sample temper-
ature and emissivity (75, ¢), surroundings temperature and emissivity (Tgur, Esur), ratio
of sample and surroundings areas (As/Agyr), etc. In the next subsections, the influence
of these parameters on the errors of each method is analyzed. To simplify the study, in
all cases the configuration factor between sample and surroundings (Fs_g,r) will be
considered equal to one.

3.1 Dependence on Ay, /Ag and egyr

First, the influence of the relative surrounding/sample area and the surroundings emis-
sivity on the error of the emissivity is studied for the four approximate methods. The
results shown in this section were obtained for a medium wavelength value (A =
10 pwm) and for a sample emissivity and a surroundings temperature of 0.5 and 295K,
respectively.

The relative error for the four approximate methods has been plotted in Fig. 1 as a
function of Agyr/As for three surroundings emissivities (&g = 0.2, 0.6, 0.9) and two
sample temperatures (7s = 400 and 1,000 K). It is clear from Fig. 1 that the systematic
error when using the single, blacksur, and nosur methods decreases when the relative
area Agyr/As increases. The four methods show a limiting error for high relative area
values (Agyr/As &~ 100), and the emissivity measurement does not improve above this
limit. Finally, except for the single method, the limiting error at high Ag,r/As is inde-
pendent of ggyy.

For the single method (Fig. 1a), the improvement in the emissivity measurement due
to the use of a more adequate Ag,;/ A ratio does not seem to be effective at low sample
temperature and low surroundings emissivity. This means that in this case it is conve-
nient to use highly emitting (i.e., blackbody-like) sample enclosures. For the blacksur
method (Fig. 1b), the error related to the Agyr/Ag ratio is nearly independent of the
sample temperature and the surroundings emissivity. Thus, a reasonably large sample
enclosure leads to very low error values for this method. For smaller enclosures, it is
advisable to use highly emitting surfaces. Comparing the nosur method (Fig. 1¢) with
the single method (Fig. 1a), we conclude that they have the same qualitative behavior.
However, the single method gives higher errors that become unacceptable at low tem-
perature, even using highly emitting enclosures. Finally, for the simple method, the
relative error is strongly dependent on the differences between the surroundings and
the background equivalent temperature. Figure 1d shows curves for three surround-
ings temperatures (Tsur < Tequi> Tsur = Tequi> Tsur > Tequi), and Ts = 400 K. Similar
qualitative plots are found for higher sample temperatures. When Tgy, = Tequi, the
error for the simple method decreases to zero with increasing Agyr/As , but when the
difference betweenTy,, and Teqy; increases, the error does not become zero. Although
the simple method neglects all the background radiation, the surprisingly good results
for Tgur = Tequi are due to some terms that cancel in Eq. 30. When Tgyr < Tequi, the
approximate emissivity can be overestimated at low values of Ag,/Ag and underesti-
mated at high values of Ag,/As . Thus, the relative error becomes zero at a particular
value of Ag,r/Ag but, since the relative error is positively defined, a singular point
appears. This is the case of the curve for &g,y = 0.2 and Ty, = 295K in Fig. 1d.
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Fig.1 Relative error as a function of Agyr/As at two sample temperatures (400 and 1,000 K) and surround-
ings emissivities (0.2, 0.6, 0.9), for A = 10 um, ¢ = 0.5, and Tsyr = 295K: (a) single, (b) blacksur, (¢)
nosur, and (d) simple

Although the relative error at the singular point is zero, it is not possible to use this point
to design an ideal experimental setup or to select the best measurement method because
the value of Ag,r/Ajs at the singular point depends on the measurement parameters.

Once the dependence on Ag,/Ag has been studied, to check the effect of the rest
of the parameters, the Agyr/As ratio will be set to a value of 100 and &g, to 0.95.

3.2 Dependence on A and 7T

The dependence of the error on the wavelength and the sample temperature is shown
in Fig. 2 at low (400K) and high (1,000 K) temperatures, between 2 and 25 pwm, for
low and high sample emissivities (0.2 and 0.8), and T,y = 295K.

Figure 2 shows that, for short wavelengths, the relative error is independent of
the temperature, but the error is higher for lower emissivities and it decreases when
the wavelength decreases and the sample temperature increases. In the case of the
blacksur method (Fig. 2b), very low errors are obtained that are almost independent
of wavelength and temperature (a slight decrease is observed). The nosur method
(Fig. 2c) shows the same qualitative behavior as the single method with A and T, but
the error values are much higher for the nosur. Similar behavior, but with higher errors,
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Fig. 2 Relative error as a function of wavelength at two sample temperatures (400 and 1,000 K) and emis-
sivities (0.2, 0.8), for Agyr/As = 100, egur = 0.95, and Tgyr = 295K: (a) single, (b) blacksur, (¢) nosur,
and (d) simple

is obtained for lower Ag,;/ A ratios and lower &g, values, as already concluded in the
previous section.

For the simple method, only the errors for low sample emissivity are shown, but the
influence of the differences between the blackbody and sample temperatures, and the
differences between the surroundings and equivalent temperatures, are also displayed.
Figure 2d shows that the relative error is minimized for Tgyr = Tequi, and the single
method approaches the multiple reflection method. When Ty, and Ty, are different
from T and Tequi, respectively, the relative error grows. The curves for Ty — Ty = SK
and Ty — Tequi = 5 K have been plotted in the same figure.

3.3 Dependence on Ty,

We will now illustrate the results of the study of the relative errors for each measure-
ment method as a function of the surroundings temperature.

In Fig. 3, three-dimensional plots are shown where the relative error is given as a
function of the wavelength and the surroundings temperature for each measurement
method, with 7g = 400K and &g = 0.2. For the single (Fig. 3a) and nosur (Fig. 3¢c)
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Fig. 3 Three-dimensional plots of the error as a function of the surroundings temperature and between
2 and 25 pum, for Ts = 400K, ¢ = 0.2, egur = 0.95, and Agur/As = 100: (a) single, (b) blacksur, (c)
nosur, and (d) simple

methods, it can be noticed that when Ty, decreases (Ty — Ty, increases), the error
becomes very low and becomes a constant value, independent of A. Although both
methods show similar qualitative behavior, the error values of the nosur method are
much higher. For the blacksur method (Fig. 3b), the error is nearly independent of the
surroundings temperature, and its value is low. For the simple method, as observed
in Fig. 3d, the relative error strongly increases when the surroundings temperature
decreases. This is related to the fact that the error associated with this method is min-
imized when Tgyr = Tequi, S0 when the surroundings temperature differs from the
equivalent temperature, the error increases. These results strongly suggest that when
using the single and nosur measurement methods, it would be advisable to cool the sur-
rounding enclosure, but this procedure is irrelevant when using the blacksur method.
Furthermore, one must avoid cooling the sample enclosure with the simple method.
It is also interesting to check the ability of the four methods to measure the emis-
sivity when the sample temperature is close to the surroundings temperature. In Fig. 4,
the relative error is plotted as a function of the sample temperature for two sample
emissivities (¢ = 0.2 and 0.8), short wavelength (A = 2um), and T,y = 295K.
For the single (Fig. 4a) and blacksur (Fig. 4b) methods, as the sample temperature
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Fig. 4 Relative error as a function of the sample temperature at two sample emissivities (0.2, 0.8), for
A = 2Um, Tgyr = 295K, esur = 0.95, and Agyr/As = 100: (a) single, (b) blacksur, (¢) nosur, and
(d) simple

decreases and its value approaches the surroundings temperature, the error grows,
diverging when Ty = Tg,,. For Ty < Ty, once the two temperatures are sufficiently
separated, the emissivity error decreases but, for the single method, the error can be
unacceptably high, especially for low emissivity samples. The blacksur method leads to
satisfactory enough results even very near the surroundings temperature. As shown in
Fig. 4c, for the nosur method, when the sample temperature decreases and approaches
the surroundings temperature, the error monotonically increases. Figure 4d, where
Tequi — Tsur = 5 K, shows the behavior of the simple method, which is qualitatively
similar to that of the single and blacksur methods, although the diverging temperature
is not the surroundings temperature but the equivalent one (Tequi = 315K). In this
case, for Ty < Ty, the error can be even higher than for the single method.

3.4 Final Discussion

To better compare the studied emissivity measurement methods, we plot in Fig. 5 the
relative error for the analyzed methods as a function of wavelength for two sample
temperatures (400 and 1,000K) and emissivities (0.2 and 0.8). As before, the sur-
roundings emissivity and temperature have been set to ggy = 0.95, Ty = 295K,
and Agyr/As = 100. For the simple method, the blackbody temperature is assumed
to be equal to the sample temperature, and curves for Tequi — Tsur = 5 and 20K are
displayed. As observed in Fig. 5, in all the cases, the four compared methods have
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Fig. 5 Comparison between the emissivity measurement methods at two sample temperatures and emis-
sivities for Tgyr = 295K, egur = 0.95, and Agyr/As = 100: (@) Ts = 400K and ¢ = 0.2, (b) Ty = 400K
ande = 0.8, (¢c) Ts = 1,000K and ¢ = 0.2, and (d) 7s = 1, 000K and ¢ = 0.8

the same error for short wavelengths, and the lowest errors are achieved for high
temperatures and emissivities.

The worst emissivity measurement method is the nosur one, though surprisingly it
makes use of fewer approximations that the simple one. The simple method can lead
to satisfactory results, but one should make sure that the surroundings temperature is
close to the equivalent temperature, and that the sample and blackbody temperatures
are nearly the same. Even though this method tries to correct the differences between
the sample and blackbody temperatures, it does so incompletely. It should be remarked
that the other methods do not present this problem; that is, their results do not depend
on the difference between the sample and blackbody temperatures. One can conclude
that, sometimes, the simple method can be a very appropriate emissivity measurement
method, but accurate control of the blackbody temperature and the surroundings tem-
perature is necessary. If one cannot know or control these temperatures, it is advisable
to use other methods. The single method gives good results over almost the whole
wavelength, temperature, and emissivity ranges, when using a highly emitting enclo-
sure. Furthermore, these results can improve by using a cooled sample enclosure. The
best-suited method for emissivity measurements is the blacksur one, which gives very
low errors, independent of the surroundings emissivity, but large enclosures are neces-
sary. Itis remarkable that the blacksur method, which makes more approximations that
the single method, produces better results. This can be explained taking into account
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that when Ay < Agyr, the multiple reflection method (Eq. 20) tends to the blacksur
method (Eq. 21) with ggyr = 1.
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